For a set L of positive integers, a set system F ⊆ 2 [n] is said to be L-close Sperner, if for any pair F, G of distinct sets in F the skew distance sd(F, G) = min{|F \G|, |G\F |} belongs to L. We reprove an extremal result of Boros, Gurvich, and Milanič on the maximum size of L-close Sperner set systems for L = {1} and generalize to |L| = 1 and obtain slightly weaker bounds for arbitrary L. We also consider the problem when L might include 0 and determine the order of magnitude of the size of largest set systems with all skew distances belonging to L t = {0, 1, . . . , t} and determine the exact maximum size for L = {0, 1}.
Introduction
One of the first results of extremal finite set theory is Sperner's theorem [13] that states that if for any pair F, F ′ of distinct sets in a set systems F ⊆ 2 [n] we have min{|F \ F ′ |, |F ′ \ F |} ≥ 1, then |F | ≤ n ⌊n/2⌋| holds. Set systems with this property are called antichains or Sperner systems. This theorem has lots of generalizations and applications in different areas of mathematics (see the book [7] and Chapter 3 of [10] ). Recently, Boros, Gurvich, and Milanič introduced the following notion: given a positive integer k, we say that a set system F is k-close Sperner if every pair F, G ∈ F of distinct sets satisfies 1 ≤ min{|F \ G||, |G \ F |} ≤ k. In particular, F is 1-close Sperner if every pair F, G ∈ F of distinct sets satisfies min{|F \ G||, |G \ F |} = 1. (The authors used the unfortunate k-Sperner term which, throughout the literature, refers to set systems that are union of k many antichains. That is why we decided to use instead the terminology k-close Sperner systems.) Boros, Gurvich, and Milanič's motivation to study these set systems comes from computer science: they wanted to compare them to other classes of Sperner systems (see also [4] and [6] ). They obtained some structural results from which they deduced the following extremal theorem. For a set F ⊆ [n] = {1, 2, . . . , n}, its characteristic vector v F is a 0-1 vector of length n with (v F ) i = 1 if and only if i ∈ F . Theorem 1.1 (Boros, Gurvich, Milanič [5] ). If the set system {∅} = {F 1 , F 2 . . . , F m } ⊆ 2 [n] is 1-close Sperner, then the characteristic vectors v F 1 , v F 2 , . . . , v Fm are linearly independent over R.
In particular, m ≤ n.
In this short note, we reprove the extremal part of Theorem 1.1 via a different linear algebraic approach and generalize the result. For a subset L of [n], we say that a set system F is L-close Sperner if every pair F, G ∈ F satisfies min{|F \ G||, |G \ F |} ∈ L. Our first result is the following.
Note that if |L| is fixed and n tends to infinity, then the bound is asymptotically sharp as shown by L = {1, 2, . . . , k} (i.e. the k-close Sperner property) and the set system
Apart from Sperner-type theorems, the other much studied area in extremal finite set theory are intersection properties (see e.g. Chapter 2 of [10] ). For a set L of integers, a set system F is said to be L-intersecting if for any pair F, F ′ of distinct sets in F we have |F ∩ F ′ | ∈ L. Frankl and Wilson [9] proved the same upper bound |L| h=0 n h on the size of L-intersecting set systems. Frankl and Wilson used higher incidence matrices to prove their result, but later the polynomial method (see [2] and [1] ) turned out to be very effective in obtaining L-intersection theorems. In the proof of the moreover part of Theorem 1.2, an additional idea due to Blokhuis [3] will be used.
We will need the following well-known lemma, we include the proof for sake of completeness. For any field F, we denote by F n [x] the vector space over F of polynomials of n variables with coefficients from F. Lemma 1.3. Let p 1 (x), p 2 (x), . . . , p m (x) ∈ F n [x] be polynomials and v 1 , v 2 , . . . , v m ∈ F n be vectors such that p i (v i ) = 0 and p i (v j ) = 0 holds for all 1 ≤ j < i ≤ m. Then the polynomials are linearly independent.
Proof. Suppose that m i=1 c i p i (x) = 0. As p i (v 1 ) = 0 for all 1 < i we obtain c 1 p 1 (v 1 ) = 0 and therefore c 1 = 0 holds. We proceed by induction on j. If c h = 0 holds for all h < j, then using this and p i (v j ) = 0 for all i > j, we obtain c j p j (v j ) = 0 and therefore c j = 0.
Results on L-intersecting families had some geometric consequences on point sets in R n defining only a few distances, in particular on set systems F with only a few Hamming distance. One can (and we will) also investigate the case when L includes 0. Then set systems with the required property are not necessarily Sperner, so we will say that F is L−skew distance (or L-sd for short) if sd(A, B) ∈ L for all pairs of distinct sets A, B ∈ F . We will write ex sd (n, L) to denote the largest size of an L-skew distance system F ⊆ 2 [n] . Observe that ex sd (n, {0}) asks for the maximum size of a chain in 2 [n] which is obviously n + 1. This shows that the moreover part of Theorem 1.2 does not remain valid in this case. For L = {0, 1, . . . , t} we obtain the following result.
Theorem 1.4. For any positive integer t, we have ex sd (n, {0, 1, . . . , t}) = Θ(n t+1 ). Moreover, ex sd (n, {0, 1}) = n 2 + 2n − 1. Note that Theorem 1.4 is the weak analog of the celebrated result of Kleitman [12] on the maximum size of a set system of fixed radius in the Hamming space. For more results on set systems with prescribed Hamming distances, see [11] .
Proof and remarks
We start by introducing some notation. For two vectors, u, v of length n we denote their scalar product n i=1 u i v i by u · v. We will often use the fact that for any pair F, G of sets we have v F · v G = |F ∩ G|. We will also use that min{|F \ G|, |G \ F |} = |F \ G| if and only if |F | ≤ |G| holds.
For two sets F, L ⊆ [n] we define the polynomial
We obtain p F,L (x) from p ′ F,L (x) by replacing every x t i term by x i for every t ≥ 2 and i = 1, 2, . . . , n. As 0 = 0 t and 1 = 1 t for any t ≥ 2, we have
Based on the above, Theorem 1.2 is an immediate consequence of the next result.
Proof. We claim that if F 1 , F 2 , . . . , F m are listed in a non-increasing order according to the sizes of the sets, then the polynomials p F 1 ,L (x), p F 2 ,L (x), . . . , p Fm,L (x) and the characteristic vectors
To prove the moreover part, let L = {s}, F = {F 1 , F 2 , . . . , F m } and let us suppose towards a contradiction that
holds and all coefficients are negative. Observe that for any F ∈ F using the L-close Sperner property we have
and p F,L (v F ) = −s for all F . In particular, if F is of maximum size in F , then c F = − 1 s holds. Let m j denote |{F ∈ F : |F | = j}| and c j denote the value of c F for all F ∈ F of size jonce this is proved. By the above, if j * is the maximum size among sets in F , then c j * exists. Suppose that for some i we have proved the existence of c j for all j with i < j ≤ j * . If there is no set in F of size i, there is nothing to prove. If |F | = i, then using (1) and the fact
This shows that c F does not depend on F only on |F | as claimed. Moreover, as s, m j , j − i are all non-negative and, by induction, all c j are negative, then in order to satisfy (2), we must have that c i is negative as well. So we proved that all c j 's are negative. But this contradicts
, as on the right hand side all coefficients of the variables are positive, so they cannot cancel. (If there are variables. This is where the condition {F 1 , F 2 . . . , F m } = {∅} is used.)
Using the original "push-to-the-middle" argument of Sperner, it is not hard to prove that for any k-close Sperner system F ⊆ 2 [n] , there exists another one F ′ ⊆ 2 [n] with |F | = |F ′ | and F ′ containing sets of size between k and n − k. Is it true that for such set systems we have p Proof. We will define several transformations of the pair (S, O) such that the weight cannot decrease and applying these several times one obtain the choice set S a with c Sa (i) = a for all i = 1, 2, . . . , m. Observe that to calculate the weight w O (S) it is enough to consider arcs that connect vertices of S.
Our first transformation moves the highest indexed b-vertex of S to "the top". Formally, suppose j = max{h : c S (h) = b} < m. Then let (S +j , O +j ) be the pair obtained from (S, O) as follows: for any i < j we have c S +j (i) = c S (i), for any j ≤ i < m we have c S +j (i) = c S (i + 1) and c s +j (m) = b. Furthermore, the orientation of arcs between a i and b j ′ in O +j with i < j ′ < j remains the same as in O, while the orientation of the arc between a i and b m in O +j with i < j equals the orientation of the arc between a i and b j in O and all arcs between a i and b m with j ≤ i < m are oriented towards a i . We claim that
We have two more transformations: suppose i is the largest index with c S (i) = a, c S (i+1) = b. Therefore the procedure of applying a-and b-flips alternatingly, might end in two ways. Either j − i + 1 ∈ F for the first time in a flip operation and then at this point c S (m) = b and max{j : c S (j) = b} ≤ j − i < j i , so round i+1 can start here. Note that if j − i was 0, then S = {b 1 , b 2 , . . . , b m } and we are done. Or at some point with j − i + 1 / ∈ F we have c S (m) = a. Then we can apply S +j − i and then the b-flip S m,b,f lip to obtain a choice set S with min{j : c S (h) = b for all h ≥ j} ≤ j − i < j i , so the (i + 1)st round can start. By the strictly decreasing property of j i , there is only a finite number of rounds. Therefore at some moment we reach S = {b 1 , b 2 , . . . , b m } as claimed.
Proof of Theorem 1.4. The lower bound is shown by the following example: let C 0 ⊆ C 1 ⊆ · · · ⊆ C n = [n] be a chain with |C i | = i. Then the set system
For the upper bound let F ⊆ 2 [n] be an {0, 1, . . . , t}-sd system. Then for any t + 1 ≤ i ≤ n − t − 1, the system F i = {F ∈ F : |F | = i} is [t]-close Sperner and thus by Theorem 1.2 we have |F i | ≤ t h=0 n h and thus, adding sets of size at most t or at least n − t, we obtain |F | ≤ (n − 2t + 1) t h=0 n h . Let us turn to the case t = 1. First observe that all subsets of [n] of size 0, 1, n − 1, n can be added to a {0, 1}-sd system F with the {0, 1}-sd property preserved. Once again, we consider the uniform systems F i = {F ∈ F : |F | = i} that are 1-close Sperner. It is an exercise for the reader (see Lemma 19 in [5] ) to see that there exists a set C i either with |C i | = i − 1 and C i ⊆ ∩ F ∈F i F or with |C i | = i + 1 and ∪ F ∈F i F ⊆ C i . In the former case we say that F i is of type ∨, in the latter case we say that F i is of type ∧.
Suppose i < j and F i is of type ∨ and F j is of type ∧. Then |C i \ C j | ≤ 1 as otherwise for any C i ∪ {x} = F i ∈ F i and C j \ {y} = F j ∈ F j we have |F i \ F j | ≥ |C i \ C j | ≥ 2 which contradicts the {0, 1}-sd property of F . Similarly, observe the following.
Moreover, for any y ∈ C j \ C i at most one of C i ∪ {y} or C j \ {y} can be present in F .
Consider the half-graph H n−3 and the choice set S with c S (i) = a if and only if F i+1 is of type ∨. If |F i+1 | ≤ 1, then we can pick c S (i) arbitrarily. For i < j, if a i and b j both belong to S, then orient the arc between them as follows.
• if F i+1 is empty, orient it towards a i , if F j+1 is empty, then towards b j , if both of them are empty, then arbitrarily.
• If C i+1 ⊆ C j+1 and all F i+1 ∈ F i+1 are contained in C j+1 , then towards a i , while if all F j+1 ∈ F j+1 contain C i+1 , then towards b j . According to our first observation above, we are able to orient every arc in this case.
• If C i+1 ⊆ C j+1 , then we can orient the arc arbitrarily.
We claim that if
and none of F i+1 ,F j+1 are empty, then the our second observation implies that |F i+1 | + |F j+1 | ≤ j + 3 − i and thus both F i+1 ,F j+1 are of size at most j 
As n 2 = n−2 2 + 2n − 3, the proof is complete.
Consider the well-known shifting operation τ i.
A standard argument shows that if F is {0, 1, . . . , t}-sd, then so is τ i,j (F ). Therefore to bound the size of {0, 1, . . . , t}-sd systems, it is enough to consider shifted set systems, i.e. τ i,j (F ) = F for any 1 ≤ i < j ≤ n. As any set of size at most t or at least n − t can be added to a {0, 1, . . . , t}-sd system F ⊆ 2 [n] without violating the {0, 1, . . . , t}-sd property, let us introduce ex sd (n, t) = ex sd (n, {0, 1, . . . , t}) − 2 t i=0 n i . Let us partition a shifted {0, 1, . . . , t}-sd system F with all sets of size between t + 1 and n − t − 1 into F 1 = {F ∈ F : 1 ∈ F } and F 0 = {F ∈ F : 1 / ∈ F }. As for any pair F, G ∈ F 1 we have sd(F, G) = sd(F \ {1}, G \ {1}), we obtain |F 1 | ≤ ex sd (n − 1, t). We claim that F 0 is a {0, 1, . . . , t − 1}-sd system. Indeed, if F, G ∈ F with |F | ≤ |G|, then by the {0, 1, . . . , t}-sd property and t < |F |, we must have F ∩ G = ∅.
For any x ∈ F ∩ G, the set F \ {x} ∪ {1} = τ 1,x (F ) must belong to F by the shiftedness of F and clearly sd(τ 1,x (F ), G) = sd(F, G) + 1, so sd(F, G) ∈ {0, 1, . . . , t − 1} must hold. We obtain |F 0 | ≤ ex sd (n − 1, t − 1) and the following statement. Proposition 2.3. For any t we have ex sd (2t + 2, t) = 2t+1 t and for any n > 2t + 2 we have ex sd (n, t) ≤ ex sd (n − 1, t) + ex sd (n − 1, t − 1).
Proof. The latter statement follows from the argument above, while the former statement follows from the fact that if n = 2t + 2, then the only set size allowed is t + 1 and the {0, 1, . . . , t}-sd property is equivalent to the intersecting property. Thus the famous result of Erdős, Ko, and Rado [8] yields the bound.
Let us make a final remark. A natural generalization arises in Q n = {0, 1, . . . , q − 1} n . One can partially order Q n by a ≤ b if and only if a i ≤ b i for all i = 1, 2, . . . , n. We say that A ⊆ {0, 1, . . . , q − 1} n is L-close Sperner for some subset L ⊆ [n] if for any distinct a, b ∈ A we have sd(a, b) := min{|{i : a i < b i }|, |{i : a i > b i }|} ∈ L. One can ask for the largest number of points in an L-close Sperner set A ⊆ Q n . Here is a construction for {1}-close Sperner set: for 2 ≤ i ≤ n, 1 ≤ h ≤ q − 1 let (v i,h ) i = h, (v i,h ) 1 = q − h + 1 and (v i,h ) j = 0 if j = i. Then it is easy to verify that {v i,h : 2 ≤ i ≤ n, 1 ≤ h ≤ q − 1} is {1}-close Sperner of size (q − 1)(n − 1).
An easy (and probably very bad) upper bound on the most number of points in Q n that form an {1}-close Sperner system is n 2(q−1) . To see this, for any a ∈ Q n and 1 ≤ j ≤ 1 − 1 let us define U a,j = {i : a i ≥ j}. If A ⊆ Q n is {1}-close Sperner, then for any a, a ′ ∈ A and j = 1, 2, . . . , q −1 we have sd(U a,j , U a ′ ,j ) ∈ {0, 1}. By Theorem 1.4, the maximum size of a system F ⊆ 2 [n] with this property is at most n 2 . As the sequence U a,1 , U a,2 , . . . , U a,q−1 determines a, we obtain A ≤ (n 2 ) q−1 as claimed.
